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A comparison of Navier{Stokes solutions
with the theoretical description

of unsteady separation

By Kevin W. Cassel

Fluid Dynamics Research Center,
Mechanical, Materials and Aerospace Engineering Department,

Illinois Institute of Technology, Chicago, IL 60616, USA

Numerical solutions of the unsteady two-dimensional boundary-layer and Navier{
Stokes equations are considered for the ®ow induced by a thick-core vortex above
an in nite plane wall in an incompressible ®ow. Vortex-induced ®ows of this type
generally involve unsteady separation, which results in an eruption of high-vorticity
®uid within a narrow streamwise region. At high Reynolds numbers, the unsteady
separation process is believed to pass through a series of asymptotic stages. The
 rst stage is governed by the classical non-interactive boundary-layer equations, for
which solutions are given, and terminate in the Van Dommelen singularity. As an
eruption develops, the boundary layer thickens and provokes a viscous{inviscid inter-
action leading to the second stage of unsteady separation. The third stage occurs
when the normal pressure gradient becomes important locally within the bound-
ary layer. In order to identify these asymptotic stages at large, but  nite, Reynolds
numbers, solutions of the full Navier{Stokes equations are obtained for the ®ow
induced by a thick-core vortex. These results generally support this sequence of
events; however, a large-scale viscous{inviscid interaction is found to begin at a
time much earlier than allowed for by the asymptotic theory; that is it begins
to occur prior to the formation of a spike within the boundary layer. Some con-
sequences of these results on our understanding of unsteady separation are dis-
cussed.

Keywords: unsteady separation; viscous{inviscid interaction;
Navier{Stokes solutions

1. Introduction

A boundary layer subject to an adverse streamwise pressure gradient is suscepti-
ble to unsteady separation, which is characterized by a sharp spike that erupts into
the outer inviscid ®ow. This adverse pressure gradient may be due to the surface
geometry, as in the case of the ®ow around a circular cylinder or near the leading
edge of an aerofoil, or it may be due to the presence of a vortex convecting near a
surface. Unsteady separation occurs in many technologically important ®ows includ-
ing dynamic stall, juncture ®ows and turbulent boundary layers (see Doligalski et
al . (1994), and the references cited therein). Because unsteady eruptive events of
this kind are common in a wide variety of high-Reynolds-number ®ows, a detailed

Phil. Trans. R. Soc. Lond. A (2000) 358, 3207{3227

3207

c® 2000 The Royal Society

 rsta.royalsocietypublishing.orgDownloaded from 

http://rsta.royalsocietypublishing.org/


3208 K. W. Cassel

non-interactive
boundary layer

viscous–inviscid
interaction

normal pressure
gradient

I

II

III

IV

t = 0
tsRe - 2/11

tsI

Figure 1. Schematic of the initial asymptotic stages of unsteady separation.

theoretical description of unsteady separation and an understanding of the physical
processes involved has been sought for several decades.

At high Reynolds numbers, two-dimensional incompressible ®ows undergoing un-
steady separation are believed to pass through a series of asymptotic stages, each
of which involves its own unique scales and is governed by a subset of the Navier{
Stokes equations. The  rst three stages have been identi ed and are shown schemat-
ically in  gure 1. The initial stage, represented by the bottom tier in  gure 1, is
governed by the non-interactive boundary-layer equations. During this stage the
adverse pressure gradient imposed across the boundary layer induces the forma-
tion of a recirculating-®ow region that grows in streamwise and normal extent with
time. This non-interactive stage ends abruptly in the Van Dommelen (1981) singu-
larity involving dramatic growth in the displacement thickness and normal velocity
in a narrow streamwise region on the upstream side of the recirculation region.
The non-interactive boundary-layer singularity occurs at a  nite time, t s , and is
denoted by I in  gure 1. Van Dommelen & Shen (1982) and Elliott et al . (1983)
provide an analytical description of this singularity in the form of a local simi-
larity solution within the spike as the singularity is approached; this solution will
be referred to here as the terminal boundary-layer solution. One important fea-
ture of the terminal solution is that it is independent of the precise form of the
adverse pressure gradient that initiated the unsteady separation process; there-
fore, it has been regarded as a generic structure through which all two-dimensional
incompressible separated ®ows pass. Numerical con rmation of the terminal solu-
tion and the non-interactive singularity in two model problems, the impulsively
started circular cylinder and the rectilinear vortex above a plane wall, has been
given by Van Dommelen & Shen (1980) and Peridier et al . (1991a). These solu-
tions, which were performed in Lagrangian coordinates, built upon the earlier work
of Walker (1978), Doligalski & Walker (1984) and Ece et al . (1984), who performed
calculations of the unsteady boundary-layer equations using the traditional Eulerian
formulation.

The second stage of unsteady separation involves interaction between the bound-
ary layer and the outer inviscid ®ow which inevitably occurs as the boundary layer
thickens locally; this stage is represented by the second tier in  gure 1. Elliott et
al . (1983) have formulated this so-called ¯rst interactive stage that governs events
locally on times of O(Re¡2=11) surrounding the non-interactive singularity time t s ;
the beginning of this stage is labelled II in  gure 1. Numerical solutions of this
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stage have been obtained in Lagrangian coordinates by Cassel et al . (1996) which
show that the ¯rst interactive stage contains a high-frequency inviscid instability
resulting in an immediate breakdown at the very onset of interaction. A linear sta-
bility analysis revealed that velocity pro les in the initial condition for this stage,
which is the terminal boundary-layer solution, are unstable. The consequences of
these results were unclear at the time, but they do suggest that some physical in®u-
ence (possibly interaction) must become important at a time prior to the time-scale
on which the ¯rst interactive stage was thought to act. An alternative approach in
which to consider the in®uence of viscous{inviscid interaction is to use interacting
boundary-layer theory, which assumes a large, but  nite, Reynolds number and cou-
ples the unsteady boundary-layer equations with an interaction condition. Solutions
obtained by Peridier et al . (1991b) for the rectilinear vortex above a plane wall using
the Lagrangian formulation of interacting boundary-layer theory show that a sin-
gularity occurs within a  nite time according to the theory of Smith (1988). This
interacting boundary-layer singularity is denoted by III in  gure 1 and occurs at
t s I. Breakdown occurs when the streamwise pressure gradient and wall shear stress
become singular, and at a time prior to that at which the non-interactive singularity
occurs, i.e. t s I < ts . Hoyle & Smith (1994) have considered the three-dimensional
form of the interacting boundary-layer singularity.

The third stage of unsteady separation, represented by the third tier in  gure 1,
has been proposed by Hoyle et al . (1991) and considered in more detail by Li et al .
(1998). In this stage the normal pressure gradient becomes important locally within
the boundary layer in order to relieve the interacting boundary-layer singularity;
this is indicated by IV in  gure 1. The onset of normal pressure gradients within the
boundary layer is accompanied by the formation of a nonlinear critical layer that
develops near an in®ection point in the velocity pro les and results in vortex roll-up
near the point of maximum streamwise pressure gradient.

The theoretical description of unsteady separation given above has been pieced
together through careful consideration of subsets of the Navier{Stokes equations as
the Reynolds number goes to in nity and through interacting boundary-layer theory.
While this approach has provided a great deal of insight into the relevant physical
processes that occur in unsteady separation at high Reynolds numbers, recent work
(in particular by Cassel et al . (1996)) has raised some fundamental questions that
may be answered more readily using a di¬erent approach. In addition, it would be
instructive to evaluate the current theoretical description of unsteady separation from
an alternative point of view. To these ends, the objective of the present investigation
is to provide highly resolved, high-Reynolds-number solutions of the Navier{Stokes
equations for the unsteady separation induced by a vortex above a surface in order
to con rm the theoretical stages of unsteady separation outlined above and to deter-
mine the physical processes that occur prior to the onset of the ¯rst interactive
stage. Other authors have obtained solutions of the unsteady Navier{Stokes equa-
tions for ®ows involving separation (see, for example, Orlandi 1990; Koumoutsakos
& Leonard 1995; Choudhuri & Knight 1996; Brinkman & Walker 1996; Dodia et al .
1997), but the Reynolds numbers have not typically been large enough to observe
the sharp spike that occurs in unsteady separation at high Reynolds numbers. The
Navier{Stokes solutions obtained in this investigation do exhibit the small-scale spike
and are consistent with the presence of the three stages described above; however,
a large-scale viscous{inviscid interaction is found to begin prior to the formation

Phil. Trans. R. Soc. Lond. A (2000)

 rsta.royalsocietypublishing.orgDownloaded from 

http://rsta.royalsocietypublishing.org/


3210 K. W. Cassel

U0

Vc

uw = - b

Figure 2. Schematic of the thick-core vortex.

of a spike, which was thought to be a precursor to the onset of interaction. The
implications of these results on our understanding of unsteady separation will be
discussed.

2. Thick-core vortex

In previous studies of unsteady boundary-layer separation induced by a vortex, the
model problem has been one of a rectilinear vortex above an in nite plane wall (see,
for example, Walker 1978; Peridier et al . 1991a). The rectilinear vortex represents
a limiting case in two-dimensional vortex ®ows in which the vorticity is singular
and concentrated in a small core. This does not create any di¯ culties in boundary-
layer calculations because the quantity required from the inviscid solution to perform
the boundary-layer calculation is the streamwise pressure gradient (or slip velocity)
along the surface, and the vortex core, which remains in the inviscid ®ow, is not
calculated. However, in this investigation it is of interest to calculate the Navier{
Stokes equations in the entire ®ow  eld including the ®ow within the vortex itself.
Therefore, it is advantageous to consider another limiting case of two-dimensional
vortex motions, i.e. the so-called thick-core vortex shown schematically in  gure 2.
The inviscid ®ow due to the thick-core vortex is described by Batchelor (1967) and
consists of a semi-circular vortex, in which the vorticity is proportional to the stream-
function, surrounded by the irrotational ®ow past a circular cylinder in a uniform
®ow.

The vortex has a velocity Vc relative to the wall due to its self-induced ®ow and
the oncoming uniform ®ow. Note that Vc < 0 for a vortex with negative rotation, as
shown in  gure 2, in a stagnant ®ow (U0 = 0). We de ne a fractional convection rate
for the vortex as

¬ = Vc=U0: (2.1)

Therefore, ¬ = 0 corresponds to a vortex with su¯ cient self-induced velocity to
balance the uniform ®ow exactly and remain stationary relative to the wall. As
¬ ! 1, the vortex becomes weak and/or far from the wall and convects with the
uniform ®ow speed U0. For ¬ < 0, the vortex is su¯ ciently strong and/or close to
the wall to overcome the oncoming uniform ®ow and convect upstream.

In a frame of reference moving with the vortex, the centre of the vortex remains
stationary, and the wall moves with speed u ¤

w = ¡ Vc = ¡ ¬ U0, and the streamwise
velocity at in nity becomes U0(1 ¡ ¬ ). Here, and throughout, a variable with an
asterisk indicates a dimensional variable. In a frame of reference moving with the
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vortex, therefore, the streamfunction is given in cylindrical coordinates (r ¤ ; ³ ¤ ) by

Á ¤ = U0(1 ¡ ¬ ) r ¤ ¡ e2

r ¤ sin ³ ¤ ; r ¤ > e; (2.2 a)

Á ¤ = 2U0(1 ¡ ¬ )
J1(kr ¤ )

kJ0(ke)
sin ³ ¤ ; r ¤ 6 e; (2.2 b)

where the origin is on the surface immediately below the centre of the vortex, and
the radius of the semicircular region containing the vorticity has been taken as e
for convenience. Note that the solution (2.2 a) for r ¤ > e is the inviscid ®ow about
a circular cylinder of radius e in a uniform ®ow U0. In equation (2.2 b), J0 and J1

are Bessel functions, and k is such that J1(ke) = 0. We de ne ¶ = ke, and take ¶
to be the  rst (smallest) zero of J1 in order to give a single-celled vortex, and from
Abramowitz & Stegun (1964) ¶ = 3:831 71. The centre of the vortex is located at the
point where v ¤

³ = ¡ @Á ¤ =@r ¤ = 0 along the line ³ ¤ = º =2. From equation (2.2 b) this
occurs where J 0

1(kr0) = 0, where r0 is the normal distance from the surface to the
centre of the vortex. From Abramowitz & Stegun (1964), kr0 = 1:841 18; therefore,
the vortex centre is located at r ¤ = r0 = 0:480 511e, ³ ¤ = º =2.

Taking r0 to be the characteristic length and the velocity at in nity, U0(1 ¡ ¬ ), to
be the characteristic velocity, we non-dimensionalize as follows:

r = r ¤ =r0; (2.3 a)

³ = ³ ¤ ; (2.3 b)

vr =
v ¤

r

U0(1 ¡ ¬ )
; (2.3 c)

v ³ =
v ¤

³

U0(1 ¡ ¬ )
; (2.3 d)

where vr and v ³ are the velocity components in the r and ³ directions, respectively.
The streamfunction in cylindrical coordinates is de ned by

vr =
1

r

@Á

@³
; (2.4 a)

v ³ = ¡ @Á

@r
; (2.4 b)

therefore, the non-dimensional streamfunction is

Á = r ¡ 1

r

e

r0

2

sin ³ ; r > e=r0; (2.5 a)

Á =
2

r0

J1(kr0r)

kJ0(ke)
sin ³ ; r 6 e=r0: (2.5 b)

Note that the inviscid stagnation points on the wall are located at r = 2:0811,
³ = 0; º . From equations (2.4) and (2.5), the velocity components are given by

vr = 1 ¡ 1

r2

e

r0

2

cos ³ ; r > e=r0; (2.6 a)

vr =
2

r0r

J1(kr0r)

kJ0(ke)
cos ³ ; r 6 e=r0; (2.6 b)
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and

v ³ = ¡ 1 +
1

r2

e

r0

2

sin ³ ; r > e=r0; (2.7 a)

v ³ = ¡ 2

J0(ke)
J0(kr0r) ¡ J1(kr0r)

kr0r
sin ³ ; r 6 e=r0: (2.7 b)

In a Cartesian coordinate system (x; y), where x is along the wall with origin beneath
the centre of the vortex, and y is measured normal to the wall, the velocity com-
ponents (u; v) in the respective coordinate directions are related to equations (2.6)
and (2.7) by

u = vr cos ³ ¡ v ³ sin ³ ; (2.8)

v = vr sin ³ + v ³ cos ³ : (2.9)

Equations (2.5), (2.8) and (2.9), with equations (2.6) and (2.7), prescribe the inviscid
solution for the thick-core vortex above an in nite plane wall, which will be the initial
condition for the Navier{Stokes solutions. Note that in non-dimensional variables the
wall velocity is uw = ¡  , where

 = ¬ =(1 ¡ ¬ ): (2.10)

3. Boundary-layer formulation

In order to perform a boundary-layer calculation, the slip velocity along the surface
is necessary from the inviscid solution in order to provide the external velocity at
the outer edge of the boundary layer. It can be shown from equations (2.6) that
the inviscid slip velocity along the wall (and thus the mainstream velocity for the
boundary layer) is

U1 (x) = 1 ¡ 1

x2

e

r0

2

; jxj > e=r0; (3.1 a)

U1 (x) =
2

r0jxj
J1(kr0jxj)
kJ0(ke)

; jxj 6 e=r0; x 6= 0; (3.1 b)

U1 (x) =
1

J0( ¶ )
; x = 0: (3.1 c)

The value of U 1 (0) in equation (3.1 c) is obtained from the general equation (3.1 b)
for jxj 6 e=r0 using the fact that J1(z) ¹ z=2 for small z. The mainstream velocity
distribution (3.1) for the thick-core vortex is qualitatively similar to that for the
rectilinear vortex (see Doligalski et al . (1994) for a comparison).

A critical value of the wall speed  (and ¬ ) occurs when the wall speed exactly
balances the minimum external velocity, which occurs at x = 0. From equation (3.1 c),
U 1 m in = U 1 (0) = ¡ 2:4829; therefore, the critical values of  and ¬ are  c = 2:4829
and ¬ c = 0:7129. For  <  c, the magnitude of the wall speed is less than U 1 m in , and
the boundary-layer response is dominated by the in®uence of the adverse pressure
gradient imposed by the external ®ow. For  >  c, however, the magnitude of the
wall speed is greater than U 1 m in , and the boundary-layer response is dominated by
the rapidly moving wall. It has been found by Degani et al . (1998) that unsteady
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boundary-layer separation is suppressed for wall speeds  greater than a value that
is slightly less than  c.

The following dimensionless variables are de ned in the boundary layer:

x = x ¤ =r0; (3.2 a)

·y = (y ¤ =r0)Re1=2; (3.2 b)

t =
U0(1 ¡ ¬ )t¤

r0

; (3.2 c)

u =
u ¤

U0(1 ¡ ¬ )
; (3.2 d)

·v =
v ¤

U0(1 ¡ ¬ )
Re1=2; (3.2 e)

where the Reynolds number is de ned by Re = U0(1 ¡ ¬ )r0=¸ . Overbars are used
on scaled boundary-layer variables to distinguish them from variables used in the
Navier{Stokes formulation to follow. The two-dimensional boundary-layer equations
for incompressible ®ow are

@u

@t
+ u

@u

@x
+ ·v

@u

@·y
= U1

dU 1

dx
+

@2u

@·y2
; (3.3 a)

@u

@x
+

@·v

@·y
= 0; (3.3 b)

and the boundary conditions are

u = ¡  ; ·v = 0 at ·y = 0; (3.4 a)

u ! U1 (x) as ·y ! 1: (3.4 b)

The ®ow is initiated in an impulsive start at t = 0, followed by formation of a
boundary layer that thickens proportional to t1=2. Therefore, Rayleigh variables are
introduced as follows

± = ·y=2t1=2; (3.5 a)

ª = ·Á=2t1=2; (3.5 b)

where ·Á is the streamfunction de ned by u = @ ·Á=@·y, ·v = ¡ @ ·Á=@x. Substitution of
these variables into the governing equations (3.3) gives the following set of equations

4t
@u

@t
=

@2u

@± 2
+ 2±

@u

@ ±
+ 4t

@ ª

@x

@u

@±
¡ u

@u

@x
+ U1

dU 1

dx
; (3.6 a)

u =
@ª

@±
; (3.6 b)

and the boundary conditions (3.4) become

u = ¡  ; ª = 0 at ± = 0; (3.7 a)

u ! U 1 (x) as ± ! 1: (3.7 b)
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The initial conditions are obtained by taking equations (3.6) as t ! 0 and solving
the resulting equations subject to the boundary conditions (3.7). This gives

u = (U1 +  ) erf( ± ) ¡  ; (3.8 a)

ª = (U1 +  )[ ± erf( ± ) ¡ º ¡1=2(1 ¡ e¡ ± 2

)] ¡  ± ; (3.8 b)

at t = 0. The boundary layer at upstream and downstream in nity is not in®uenced
by the presence of the vortex; therefore, the streamwise boundary conditions as
x ! §1 are also given by equations (3.8) for all t.

The Eulerian formulation given above is suitable for determining the ®ow at early
times after the impulsive start. However, strong gradients develop in the latter stages
of the calculation as an unsteady eruption begins to occur, and it is advantageous
to use a Lagrangian formulation of the boundary-layer equations. In the Lagrangian
description of the motion, the trajectories of the ®uid particles are determined as
functions of their initial locations and time. Taking ¹ to be the initial streamwise
location and ² the initial normal location of the ®uid particles at some time t = t0, the
dependent variables are the streamwise and normal particle positions x = x( ¹ ; ² ; t)
and y = y( ¹ ; ² ; t), respectively, and the corresponding velocity components u =
u( ¹ ; ² ; t) and v = v( ¹ ; ² ; t). In Lagrangian coordinates the boundary-layer momentum
equation (3.3 a) becomes

@u

@t
= U 1

dU 1

dx
+

@x

@¹

@

@²
¡ @x

@²

@

@ ¹

2

u; (3.9 a)

where

@x

@t
= u: (3.9 b)

It is convenient to compute the initial stages of the ®ow after the impulsive start
at t = 0 using the Eulerian formulation and then switch over to the Lagrangian
formulation at some time t = t0. Therefore, the initial conditions for the Lagrangian
calculation are

x( ¹ ; ² ; t) = ¹ ; u( ¹ ; ² ; t) = u0( ¹ ; ² ) at t = t0; (3.10)

where u0( ¹ ; ² ) is the streamwise velocity distribution at t = t0 from the Eulerian
calculation. In the Lagrangian formulation, the boundary conditions at the wall and
as the mainstream is approached are

u = ¡  at ² = 0; (3.11 a)

u ! U 1 (x) as ² ! 1: (3.11 b)

The ®ow at upstream and downstream in nity is plane parallel; therefore, ·y = ² for
all t and from equation (3.8 a) with (3.5 a):

u = (U 1 +  ) erf
²

2t1=2
¡  as ¹ ! §1: (3.12)

The boundary-layer equations in both Eulerian and Lagrangian coordinates are
solved using methods similar to those described by Peridier et al . (1991a). A coor-
dinate transformation is used to map the semi-in nite domain into a  nite domain
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and to concentrate grid points near the surface at ·y = 0 and near x = 0, where
the eruption occurs. Starting at t = 0, an iteration is initiated on the boundary-
layer equations (3.6) in Eulerian coordinates at each time-step in order to obtain
the streamwise velocity u(x; ± ; t) and the streamfunction ª (x; ± ; t). Then at some
time t = t0, a Lagrangian calculation is initiated using the results of the Eulerian
calculation as the initial conditions. The boundary-layer equations in Lagrangian
coordinates (3.9) are solved to obtain the streamwise velocity u(¹ ; ² ; t) and particle
position x( ¹ ; ² ; t). The momentum equations in both formulations are solved using a
factored alternating-direction-implicit (ADI) method that is second-order accurate
in both space and time. The time, t s , and location of the non-interactive boundary-
layer singularity are determined from a solution of the continuity equation, which
in Lagrangian coordinates is a  rst-order linear partial di¬erential equation for the
normal particle positions y( ¹ ; ² ; t) (see Peridier et al . 1991a).

4. Navier{Stokes formulation

The primary objective of this investigation is to obtain numerical solutions of the
Navier{Stokes equations for the ®ow induced by a thick-core vortex. In a manner
similar to that used for the boundary-layer equations, we non-dimensionalize with
respect to the normal distance to the vortex centre r0 and the streamwise velocity
at in nity U0(1 ¡ ¬ ), as follows:

x = x ¤ =r0; (4.1 a)

y = y ¤ =r0; (4.1 b)

t =
U0(1 ¡ ¬ )t¤

r0

; (4.1 c)

u =
u ¤

U0(1 ¡ ¬ )
; (4.1 d)

v =
v ¤

U0(1 ¡ ¬ )
; (4.1 e)

p =
p ¤

» 1 U2
0 (1 ¡ ¬ )2

: (4.1 f)

For two-dimensional incompressible ®ow, the unsteady Navier{Stokes equations in
non-dimensional form are

@u

@t
+ u

@u

@x
+ v

@u

@y
= ¡ @p

@x
+

1

Re

@2u

@x2
+

@2u

@y2
; (4.2 a)

@v

@t
+ u

@v

@x
+ v

@v

@y
= ¡ @p

@y
+

1

Re

@2v

@x2
+

@2v

@y2
; (4.2 b)

@u

@x
+

@v

@y
= 0; (4.2 c)

where the Reynolds number is de ned in the same way as in the boundary-layer
formulation; Re = U0(1 ¡ ¬ )r0=¸ . The vortex centre is initially located at x = 0,
y = 1, and the boundary conditions are

u = ¡  ; v = 0 at y = 0; (4.3 a)

u ! 1; v ! 0 as y ! 1: (4.3 b)
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An alternative to the primitive-variables formulation given by equations (4.2) is
the vorticity-streamfunction formulation, where the vorticity is de ned by

! =
@v

@x
¡ @u

@y
; (4.4)

and the streamfunction is de ned by

u =
@Á

@y
; (4.5 a)

v = ¡ @Á

@x
: (4.5 b)

Taking the derivative of (4.2 a) with respect to y and the derivative of (4.2 b) with
respect to x and subtracting gives the two-dimensional vorticity transport equation:

@!

@t
+ u

@!

@x
+ v

@!

@y
=

1

Re

@2!

@x2
+

@2!

@y2
: (4.6)

Combining equations (4.4) and (4.5) gives the Poisson equation for the streamfunc-
tion:

@2Á

@x2
+

@2Á

@y2
= ¡ !: (4.7)

The ®ow is impulsively started at t = 0 using the inviscid solution for the thick-core
vortex as the initial condition. The streamfunction for the inviscid solution is given
by equations (2.5) and the velocity components by equations (2.8) and (2.9) with
equations (2.6) and (2.7). The initial vorticity distribution can be obtained by sub-
stituting the expression for the streamfunction (2.5) into the Poisson equation (4.7)
written in cylindrical coordinates to give

!(r; ³ ) = 0; r > e=r0; (4.8 a)

!(r; ³ ) = (kr0)2Á(r; ³ ); r 6 e=r0; (4.8 b)

at t = 0.
The boundary conditions on the streamfunction, velocity components and vorticity

at the top and bottom of the domain are

Á = 0; u = ¡  ; v = 0 at y = 0; (4.9 a)

Á ! y; u ! 1; v ! 0; ! ! 0 as y ! 1: (4.9 b)

At upstream and downstream in nity, the boundary conditions are obtained from
equations (4.2 a) and (4.6) as jxj ! 1, which gives

@u

@t
=

1

Re

@2u

@y2
; (4.10 a)

@!

@t
=

1

Re

@2!

@y2
: (4.10 b)

The solutions to these equations subject to the appropriate boundary conditions are

u = (1 +  ) erf(z) ¡  ; (4.11 a)

! = ¡ !w erf(z) + !w; (4.11 b)
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and the corresponding streamfunction is

Á = (y=z)f(1 +  )[z erf(z) ¡ º ¡1=2(1 ¡ e¡z2

)] ¡  zg; (4.11 c)

where z = y(Re=t)1=2=2. Here, !w is the vorticity at the wall as jxj ! 1.
Just as in the boundary-layer formulation, it is advantageous to incorporate coor-

dinate transformations that map the semi-in nite physical domain into a  nite com-
putational domain. This is done using the following transformations

x̂ =
2

º
arctan

x ¡ x0

a
; (4.12 a)

ŷ =
2

º
arctan

y

b
; (4.12 b)

which maps x = 1 to x̂ = 1 and x = ¡ 1 to x̂ = ¡ 1. The transformations concen-
trate mesh points near x = x0, the streamwise location of the eruption, and y = 0,
the surface, with the parameters a and b determining the degree of focusing of grid
points. Applying these transformations to the vorticity transport equation (4.6) gives

@!

@t
= R(x̂)

@2!

@x̂2
+ S(ŷ)

@2!

@ŷ2
+ G(x̂; ŷ)

@!

@x̂
+ H(x̂; ŷ)

@!

@ŷ
; (4.13 a)

where

R(x̂) = (1=Re) ¡ 2
x (x̂); (4.13 b)

S(ŷ) = (1=Re) ¡ 2
y (ŷ); (4.13 c)

G(x̂; ŷ) = (1=Re) ¡ x(x̂) ¡ 0
x(x̂) ¡ ¡ x(x̂)u(x̂; ŷ); (4.13 d)

H(x̂; ŷ) = (1=Re) ¡ y(ŷ)¡ 0
y(ŷ) ¡ ¡ y(ŷ)v(x̂; ŷ): (4.13 e)

A prime denotes di¬erentiation with respect to the indicated variable, and the ¡
coe¯ cients are given by

¡ x(x̂) = (1=º a)[1 + cos( º x̂)]; (4.14 a)

¡ y(ŷ) = (1=º b)[1 + cos( º ŷ)]: (4.14 b)

Applying the transformations (4.12) to the Poisson equation for the streamfunction
(4.7) gives

A(x̂)
@2Á

@x̂2
+ B(x̂)

@Á

@x̂
+ C(ŷ)

@2Á

@ŷ2
+ D(ŷ)

@Á

@ŷ
= E(x̂; ŷ); (4.15 a)

where

A(x̂) = ¡ 2
x (x̂); (4.15 b)

B(x̂) = ¡ x(x̂) ¡ 0
x(x̂); (4.15 c)

C(ŷ) = ¡ 2
y (ŷ); (4.15 d)

D(ŷ) = ¡ y(ŷ) ¡ 0
y(ŷ); (4.15 e)

E(x̂; ŷ) = ¡ !(x̂; ŷ): (4.15 f)

Phil. Trans. R. Soc. Lond. A (2000)

 rsta.royalsocietypublishing.orgDownloaded from 

http://rsta.royalsocietypublishing.org/


3218 K. W. Cassel

y

x
- 4 - 2 0 2 4

0

3

6

9

Figure 3. Streamlines at t = ts = 1:402 from the non-interactive boundary-layer calculation.

The vorticity transport equation (4.13) is solved using the same factored ADI algo-
rithm used to solve the streamwise momentum equations in the boundary-layer prob-
lem. The algorithm incorporates upwind{downwind di¬erencing of the  rst-order
derivatives and uses the Crank{Nicolson technique for marching in time; the algo-
rithm is second-order accurate in both space and time. The boundary condition for
the vorticity at the wall (y = 0) is obtained using Jensen’s method, which gives a
second-order accurate estimate for the vorticity at the surface. The Poisson equation
(4.15) for the streamfunction is discretized using central di¬erences and solved using
a fast direct solver for block tridiagonal systems.

5. Boundary-layer results

Before discussing solutions of the Navier{Stokes equations, it is instructive to con-
sider solutions of the non-interactive boundary-layer equations induced by the thick-
core vortex. These boundary-layer solutions correspond to the limit problem Re !
1, representing the  rst stage of unsteady separation; therefore, they should com-
pare well with the Navier{Stokes solutions for  nite Reynolds numbers prior to the
onset of interaction. Here, results are given for the case with  = 0 corresponding to
the situation in which the strength of the vortex is su¯ cient to exactly balance the
uniform ®ow, and the vortex remains stationary relative to the surface. This choice
is somewhat arbitrary as it is expected that all solutions obtained with  <  c will
be qualitatively similar. The boundary-layer results shown here have been obtained
on a grid with 301 points in the streamwise direction and 151 points in the direction
normal to the surface. The stretching parameters are a = 1:25, b = 1:25, and the
time-step is reduced from ¢t = 0:001 at the start of the computation to ¢t = 0:0001
prior to the singularity. Solutions have been obtained on various grids and with
di¬erent time-steps to ensure that the results shown are grid independent.

After an impulsive start at t = 0, the boundary-layer solution exhibits a secondary
recirculation region at approximately t = 0:4 that grows in extent normal to the sur-
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face as time increases. This secondary recirculation region results from the locally
adverse streamwise pressure gradient induced by the thick-core vortex. At approxi-
mately t = 1:3, a kink begins to form in the streamlines on the right-hand side of the
recirculation region; this is rapidly followed by the formation of a very sharp spike
and an eventual singularity at t = t s = 1:402, as shown in  gure 3. These results
for the thick-core vortex are qualitatively the same as those obtained by Peridier
et al . (1991a) for the rectilinear vortex and only di¬er in the times at which the
above-mentioned events occur within the boundary-layer ®ow.

6. Navier{Stokes solutions

Boundary-layer singularities do not occur in the Navier{Stokes equations; therefore,
we would expect that solutions of the full Navier{Stokes equations at high enough
Reynolds numbers would exhibit the trends observed as a singularity is approached
in the reduced set of equations, but not the singularity itself. Detailed results will be
given for the case with  = 0 and Re = 105. Note that this Reynolds number is based
on a local length-scale, i.e. the height of the vortex above the wall; therefore, if it was
based on a global length-scale, such as the chord length of an aerofoil with the vortex
being the dynamic{stall vortex, the Reynolds number would be approximately one
order of magnitude larger. In computing the solution, considerable e¬ort has been
devoted to ensuring that the results are grid independent and that they compare well
with solutions of the boundary-layer equations at early times. Results are given here
from a calculation on a 301 £ 301 grid with the transformation parameters given by
a = 1:0, b = 0:05 and x0 = ¡ 0:5. Note that b is small in order to adequately resolve
the boundary layer. The time-step used was ¢t = 0:0005.

The primary objective of this investigation is to identify the various stages of
unsteady separation within the context of the Navier{Stokes solutions and to deter-
mine what physical e¬ect becomes important prior to the time-scale on which the
¯rst interactive stage governs. In order to evaluate the relative importance of various
physical processes, quantities such as the streamwise pressure gradient along the sur-
face, the wall shear stress, the normal pressure gradient and the streamwise di¬usion
term have been evaluated within the boundary layer as the calculation progressed.
Because the streamwise pressure gradient within the boundary layer is imposed by
the steady inviscid outer ®ow and the normal pressure gradient within the boundary
layer is zero during the non-interactive stage of the ®ow, the streamwise pressure
gradient along the surface does not change until interaction between the viscous
boundary layer and the inviscid outer ®ow begins, signalling the onset of the second
asymptotic stage (see  gure 1). Applying the streamwise momentum equation from
the Navier{Stokes equations on the surface (u = const:, v = 0) and writing in terms
of vorticity, the streamwise pressure gradient along the surface may be determined
from

@p

@x
=

1

Re
¡ y(ŷ)

@!

@ŷ
: (6.1)

In addition to indicating the onset of interaction, the streamwise pressure gradient,
along with the wall shear stress, signal when the interactive stage breaks down. Recall
that the interacting boundary-layer singularity of Smith (1988) is characterized by
singularities in these two quantities. In order to determine when the third stage
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of unsteady separation begins, the maximum value of the normal pressure gradient
within the boundary layer has been determined as the solution evolves. The normal
pressure gradient was found by evaluating the momentum equation in the normal
direction (4.2 b) solved for @p=@y. The magnitude of the streamwise di¬usion term
in the momentum equation was also evaluated; as expected, however, it is not found
to be important for the duration of the current calculations.

The  rst stage of unsteady separation is the non-interactive stage and is governed
by the classical boundary-layer equations. Therefore, the solutions of the Navier{
Stokes equations should agree with the solutions discussed in the previous section.
Indeed, during the initial stage of the calculation, numerical solutions of the Navier{
Stokes equations (scaled to match the boundary-layer scale) match very closely with
those from the boundary-layer calculation up until approximately t = 0:8, which
is well after formation of the recirculation region at approximately t = 0:4. Until
t º 0:8, the distribution of streamwise pressure gradient along the surface remains
essentially the same and is as shown in  gure 4 at t = 0:7. At approximately t = 0:8,
the streamwise pressure gradient along the surface begins to change in the region
where the streamlines abruptly change direction in order to pass over the secondary
recirculation region; this may be observed at t = 0:9 in  gure 4. This event signals
that interaction has begun between the viscous boundary layer and the inviscid
outer ®ow. The streamlines at an even later time, however, do not exhibit a spike
(see  gure 5a), which was thought to be a precursor to the onset of interaction. Note
that in  gure 5 the normal scale has been greatly expanded such that for the Reynolds
number considered, the scale exactly matches that in  gure 3 for the boundary-layer
calculation (compare equations (3.2 b) and (4.1 b)). As shown in  gure 4, the spike in
pressure gradient continues to grow in amplitude, and at approximately t = 1:1 the
wall shear stress begins to develop a spike at the same streamwise location. Recall
that it is these quantities that become singular in the interacting boundary-layer
singularity of Smith (1988). The streamwise pressure gradient and wall shear from
the Navier{Stokes calculation are shown in  gure 4 at t = 1:3, about the time at
which the interacting boundary-layer singularity would be likely to occur. As shown
in  gure 5b, it is at approximately t = 1:1 that the streamlines develop a kink on
the right-hand side of the secondary recirculation region; note that this is prior to
the time at which this begins to occur in the boundary-layer solution (i.e. t º 1:3).
This is consistent with the results of Peridier et al . (1991b), who found that the
inclusion of interaction hastens the unsteady separation process. As time increases,
this kink develops into a spike ( gure 5c) that erupts away from the surface, as shown
in  gure 5d. Note that the spike has a  nite width in the streamwise direction in
contrast to the non-interactive boundary-layer solution, in which the spike formally
goes to zero thickness as the singularity is approached (cf.  gure 3).

It is expected that normal pressure gradients will become important within the
boundary layer at some time prior to that at which the interacting boundary-layer
singularity would occur (t s I º 1:3). The maximum value of the normal pressure
gradient within the boundary layer from the Navier{Stokes solution is shown at
various times in  gure 6. Note that these values of the normal pressure gradient are
in terms of the boundary-layer variable, i.e. @p=@·y = Re¡1=2@p=@y. Observe that, at
approximately t = 1:2, the magnitude of the normal pressure gradient begins to rise
dramatically and becomes an O(1) in®uence locally within the boundary layer. This
sudden rise in the normal pressure gradient appears to follow the formation of the
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Figure 4. Streamwise pressure gradient @p=@x along the surface (left) and
wall shear stress ½ w (right) at various times from the Navier{Stokes calculation.

spike in the streamlines that begins at approximately t = 1:1, and the location of
the maximum in normal pressure gradient occurs just above the growing spike. As
predicted by Hoyle et al . (1991), the normal pressure gradient relieves the interacting
boundary-layer singularity, which in the Navier{Stokes solutions is characterized by
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Figure 5. Streamlines within the boundary layer from the Navier{Stokes calculation for
Re = 105 . (a) t = 1:0, (b) t = 1:1, (c) t = 1:2, (d ) t = 1:3.

large spikes in the streamwise pressure gradient and the wall shear stress, which
are evident at t = 1:3 in  gure 4. It is also approximately at this time that the
secondary recirculating eddy splits for the  rst time, as shown in  gure 5d ; it then
splits again at t º 1:4 (not shown). Each time the eddy splits, another spike forms
and begins to grow normal to the surface; the early stages of this process can be
seen in  gure 5d just to the left of the primary eddy. This eddy splitting has also
been observed in the interacting boundary-layer results of Peridier et al . (1991b).
The present calculations were terminated at t = 1:5, at which time the ®ow is very
complex due to the multiple eddies and spikes and is di¯ cult to resolve.

In order to ensure that these results for Re = 105 are representative, solutions
have also been obtained for Re = 103 and Re = 104 but are not shown here. The
solution for Re = 104 is qualitatively the same as that for Re = 105 and di¬ers
only in the times at which certain events begin to occur. The early stages of the
Navier{Stokes solution match with the non-interactive boundary-layer solution, but
the large-scale viscous{inviscid interaction begins earlier and the spike in streamwise
pressure gradient grows less rapidly than for the case with Re = 105. In addition,
the spike in the streamlines|and, thus, the small-scale interaction|are wider in
the streamwise direction and grow less rapidly normal to the surface. The results
for Re = 103 proceed as for the higher Reynolds numbers, except that no spike
forms at all; therefore, there is no small-scale interaction. Instead, the recirculation
region continues to grow and eventually interacts with the primary vortex; the large-
scale viscous{inviscid interaction begins at approximately t = 0:7. Evidently, the
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Figure 6. Variation of the maximum value of the normal pressure gradient @p=@ ¹y with time
within the boundary layer from the Navier{Stokes calculation.
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Figure 7. Summary of the times at which signi¯cant events occur in the non-interactive
boundary-layer calculation and the Navier{Stokes solution for Re = 105 .

streamwise extent and normal growth rate of the spike have some Reynolds number
dependence that results in a weaker spike as the Reynolds number is reduced to the
point where for Re = 103, no spike forms at all.

7. Discussion

Solutions of the unsteady boundary-layer and Navier{Stokes equations have been
obtained for the ®ow induced by a thick-core vortex above an in nite plane surface
in a uniform ®ow. The non-interactive boundary-layer results and those from the
Navier{Stokes calculation with Re = 105 are summarized in  gure 7. In the non-
interactive boundary-layer calculation, a secondary recirculation region begins to
form at approximately t = 0:4 and grows in streamwise and normal extent leading to
the formation of a sharp spike in the streamlines beginning at approximately t = 1:3
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followed by a singularity at t = t s = 1:402. At a time much earlier than the non-
interactive singularity, at approximately t = 0:8, a local change in the streamwise
pressure gradient along the surface becomes evident in the Navier{Stokes solutions,
indicating that viscous{inviscid interaction is becoming important locally. This inter-
action begins well before formation of the spike in the streamlines and appears to
occur over a larger streamwise scale than is suggested by the asymptotic theory;
therefore, it is referred to here as the large-scale interaction and is represented by
the second tier in  gure 7. It is apparently the development of a locally strong out®ow
normal to the surface that initiates this large-scale interaction; this out®ow begins
to develop within the boundary layer immediately upstream (to the right) of the
secondary recirculation region as the ®ow changes directions abruptly in order to
pass over the eddy, which acts as a barrier. At approximately t = 1:1, a spike begins
to develop on the upstream side of the secondary recirculation region. Note that this
is prior to the formation of the spike in the non-interactive boundary-layer solution,
which occurs at t º 1:3, suggesting that the large-scale interaction hastens the initial
formation of the spike. It is postulated here that the growth of the spike leads to
a small-scale interaction that occurs on scales that are distinct from the large-scale
interaction and are presumably given by the ¯rst interactive stage of Elliott et al .
(1983). The small-scale interactive stage ends at approximately t = t s I º 1:3, when
both the streamwise pressure gradient and wall shear stress become very large, which
is indicative of the interacting boundary-layer singularity (Smith 1988). Note that
this occurs prior to the time at which the non-interactive singularity occurs, i.e.
t s I < t s , in agreement with Peridier et al . (1991b), who found that interaction accel-
erates the eruptive process. Prior to the time at which the interacting boundary-layer
singularity would occur, normal pressure gradients become important locally within
the boundary layer above the growing spike. This occurs at approximately t = 1:2
and is represented by the top tier in  gure 7.

In summary, the sequence of events exhibited in high-Reynolds-number solutions
of the Navier{Stokes equations for vortex-induced separation appear to corroborate
the  rst three stages in the theoretical description of unsteady separation. Although
the general sequence occurs as predicted, the viscous{inviscid interaction process
evolves somewhat di¬erently. It had been thought that the formation of a spike
within the context of non-interacting boundary-layer theory was a necessary pre-
cursor to the onset of interaction. Recall that the initial condition for the so-called
¯rst interactive stage is the terminal boundary-layer solution, which is a similarity
solution for the boundary-layer ®ow within the spike as the singularity is approached
(Elliott et al . 1983; Cassel et al . 1996); therefore, the ¯rst interactive stage presumes
that the spike has formed prior to its inception. However, numerical solutions of the
Navier{Stokes equations show that viscous{inviscid interaction becomes an impor-
tant mechanism in the evolution of unsteady separation well before the formation of
such a spike. It appears that over some Reynolds number range, for which Re = 105

is representative, interaction occurs over two distinct sets of spatial and temporal
scales. A large-scale viscous{inviscid interaction occurs well before the formation of
a spike in the streamlines, then the growth of the spike provokes a subsequent small-
scale interaction leading to the introduction of normal pressure gradients within the
boundary layer. The existence of the large-scale interaction may be the reason for the
unusual breakdown of the ¯rst interactive stage observed by Cassel et al . (1996). In
hindsight, these results appear to be consistent with the interacting boundary-layer
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results of Peridier et al . (1991b), in that interaction must begin prior to formation of
a spike because the interacting boundary-layer singularity time t s I is in some cases
prior to the time at which a spike begins to form in the non-interactive calculation
(cf. Peridier et al . 1991a).

These Navier{Stokes solutions suggest that in terms of the nature of the interac-
tion between the viscous boundary layer and the inviscid outer ®ow, the unsteady
separation process evolves somewhat di¬erently in three distinct Reynolds number
regimes. At high Reynolds numbers (e.g. Re ! 1), initially governed by solutions
of the non-interactive boundary-layer equations, the ®ow develops a very sharp spike
that evolves toward a singularity. This sharp spike provokes a small-scale interaction
with the outer inviscid ®ow, referred to in Cassel et al . (1996) as the ¯rst interactive
stage. At moderate Reynolds numbers (e.g. Re = 104 and Re = 105), the ®ow devel-
ops as in the high-Reynolds-number case, except that large-scale interaction begins
prior to the formation of the spike; the spike then provokes the small-scale interaction.
The results obtained in this investigation are believed to be representative of this
moderate-Reynolds-number regime. At low Reynolds numbers (e.g. Re = 103), large-
scale interaction begins just as for the moderate-Reynolds-number case; however, no
spike forms at later times and there is no small-scale interaction. Most previous
numerical solutions of the Navier{Stokes equations involving unsteady separation
fall within this regime (see, for example, Choudhuri & Knight 1996). The in®uence
of the large-scale interaction diminishes as the Reynolds number is increased due to
the decreasing displacement thickness, i.e. ¯ ¤ = O(Re¡1=2). In the limit as Reynolds
number goes to in nity, the displacement thickness is still O(1) on the boundary-
layer scale and no large-scale interaction occurs. The small-scale interaction, on the
other hand, diminishes with decreasing Reynolds numbers as the spike becomes wider
in the streamwise direction and has a slower growth rate. Recall that the Reynolds
number used here is de ned based on local quantities relative to the vortex; there-
fore, it would be signi cantly larger if based on a macroscopic length-scale, such as
the cord length of an aerofoil.

From the Navier{Stokes solutions obtained here, it has not been possible to deter-
mine the upper limit of the moderate-Reynolds-number regime, in other words the
maximum Reynolds number at which both the large-scale and small-scale interac-
tions occur. One would expect to see the time at which the large-scale interaction
begins, e.g. t º 0:8 for Re = 105, increase with increasing Reynolds number until a
Reynolds number is reached at which no large-scale interaction occurs prior to the
time at which the spike forms, i.e. t º 1:3 in the non-interactive case. Based on the
results for Reynolds numbers up to Re = 105, this increase in time is very small,
suggesting that the Reynolds number dividing the moderate from the high Reynolds
number regimes is very high, possibly much higher than is of practical interest.

The conclusion that a large-scale interaction occurs much earlier than the so-called
¯rst interactive stage, at least over a certain range of Reynolds numbers, has sev-
eral consequences for our understanding of unsteady separation. First, because the
large-scale interaction begins prior to the appearance of a spike, it appears that
the terminal boundary-layer solution is never reached for ®ows in the moderate-
Reynolds-number regime, suggesting that the terminal solution is not as generic a
structure as previously thought. Recall that one of the surprising features of the
terminal solution is that it is independent of the form of the adverse pressure gra-
dient that initiates the eruptive process. These results would also appear to have
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signi cant consequences for the possible instabilities that have been identi ed in the
non-interacting boundary-layer equations (see, for example, Smith & Elliott 1985;
Cowley et al . 1985; Bhaskaran et al . 1995). These instabilities tend to have rela-
tively slow growth rates; therefore, they may not have su¯ cient time to develop
prior to breakdown of the non-interactive stage. Because interaction becomes impor-
tant much earlier than previously thought, these non-interactive instabilities have
even less time to develop prior to the onset of interaction.
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